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NGHIEN CUUDONG THAM KHONG ON PINH TRONG BO SONG:
CAC LOT GIAI GIAI TiCH VA TOAN SO

Huynh Thanh Son
Truwong Dai hoc Bach Khoa — Dai hoc Quo”'c gia Tp. Ho6 Chi Minh

Tém tat:Bai bdo trinh bay mét mé hinh todn vé dong tham khéng on dinh trong bo séng trong
viing chiu anh hwdng triéu, bao gom hai phwong trinh dao ham riéng véi hai loi gidi gidi tich
nhén dwoc tiv phwong phdp phan ly bién sé va phirong phdp todn tir phire, cing véi hai 1o gidi
s6 nhdn diroc tir phirong phdp sai phdan hitu han dan. Két qua tir cdc 1oi giai dwoe so sanh thong
qua mot 56 vi du s6.

Tir khéa: bo song, dong tham khéng on dinh, phirong trinh tuyén tinh héa, loi gidi gidi tich, 1o
giai so

Summary:The paper presents a mathematical model for unsteady seepage in riverbank in tidal
zone including two different partial differential equations with two analytical solutions obtained
by the variable separation method and the complex operator method, and two numerical
solutions obtained by the implicit finite difference method. A comparison of these solutions is
showed through some numerical examples.

Keywords:riverbank, unsteady seepage, linearized equation, analytical solution, numerical

solution.

1. GIOI THIEU

X6i 16 bo song 1a mot hién twong phd bién ddi
v6i moi con song trén thé gidi, gdy ra nhiéu
thiét hai v& vat chat va doi khi 1a nhan mang
C6 nhiu nguyén nhan giy ra x6i 16 bo soéng
nhu do dong chay trong song, dong thdm trong
bo séng, song do gid va tau thuyén, xdy dung
cong trinh trén bo song, khai thac cat trong
song, ... Bai bao nay chi té trung vao dong
tham trong bo song, trong didu kién myuc nude
song thay ddi do bi anh huéng tridu nhu &
d6ng bang song Ciru Long

Trong phan tiép theo, sau khi thiét 13p phuong
trinh dao ham riéng cip hai mo ta dong thim
khong 6n dinh, hai cach tuyén tinh hoa sé&
dugc trinh bay dé cho hai phuong trinh dong
thim khic nhau. Bing cach 4ap dung cac
phuong phép toan thich hop s& nhan dugc hai
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10i giai giai tich va hai 101 giai sé tir hai
phuong trinh tuyén tinh héa néi trén. Mot s6 vi
du s0 so sanh két qua cua cac 101 giai s€ duogc
trinh bay & phan cudi ciia bai bao nay.

M6t sb két qua nghién ctru thi nghiém vé dong
tham s€ dugc trinh bay trong bai bao tiép theo.
2. CAC MO HINH TOAN

2.1.Thiét 1ap phwong trinh

Theo 1y thuyét nudc dudi dat, dbi voi dong
thAm mot thi nguyén (theo phuong nim
ngang x) trong mét moi truong ddng chat,
dang hudng, khongbién dang, khong co ro ri
va khong c6 mua bd sung trén mat dét, cot
nude do ap H(xt) c6 thé duogc dién ta boi
phuong trinh Boussinesq két hop voi gia
thiét Dupuit[1]:

oH _K 0, oH

o n o ox
trong d6 n (%) 1a @6 rong, K (m/s) 1a d6 dan
sut thiy luc ciia mdi truong,

(1)
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(1) 6 thé duoc viét dudi dang;
2772
a_Hzﬁ.aH (2)
ot 2n Ox*

(2) 1a mot phuong trinh dao ham riéng cép hai
phi tuyén, do d6 né can duoc tuyén tinh hoa
trudce khi giai.

C6 hai cach tuyén tinh hoa phuong trinh (2).
Céch thir nhét 1a thay thé cot nuéc H ding
riéng trong ddu ngodc & vé phai cia (1) bang
ot nude trung binh H,,, tir d6 din dén phuong
trinh tuyén tinh hoa don gian sau day:

OH _KH, O°H
ot  n = ox
o0H _O'H
hay—=E 3
vy =i O
voi £ = Kb )
n

thuong duoc goi 1a hé sé dan muc nude.
Céch tuyén tinh hoa tht hai dwoc thuc hién
bang céach thay the:

Ux,)=H(x,t) (5

Lay dao ham hai vé ctia (5) theo t, nhan duoc:

U _ o ©)

o ot

(6) duoc tuyén tinh hoa bang cich thay H
dungriéngbén ve phai bang H,,,, tur do:

oH 1 oU
—_—=—— 7
ot 2H, ot @
Thay (5) va (7) vao (2), nhan duoc:
ou _oU
— = 8
ot ox* @®

Trong thuc té, bd song co thé nghiéng hodc
thang dang Tuy nhién dé giam bét mic do
phtrc tap cua lo1 gidi giai tich, & day chi xét
truong hop mai thing ding Néu bo song
nghiéng khong nhiéu thi c6 thé ldy gin dung
nhu bd ¢6 mai thang dimg trung binh.

Trong phan sau, bon 10i giai giai tich va toan
sO tr hai phurong trinh (3) va (8) s€ dugc trinh
bay.

2.2.Loi giai giai tich va toan s6 clia phwong
trinh (3)

Phuong trinh (3) duoc gidi véi cac didu kién
bién sau day:

(i) Tai bién bo séng(x = 0), diéu kién bién 1a
muyc nurdc song du:oc g1a str thay d6i theo ham
sin v&i chu ky T,, tan sb gocw = 21/T,va nira
bién d6 H:

H(0,)=H, +H sin(ot — @) (9a)

trong d6 Hy1a chidu sau trung binh,pdo 1éch
pha (dé hiéu chinh ham H(0,t) gan vi muc
nuée song do duge, néu can thiét).

(ii) Tai bién xa bo séngtrong khdi dat (x —
+00), noi dong tham khong con bi anh hudng
boi mure nudc song, cot nudc tham co ga tri
khong doi:

H(ot) = H, (9b)

2.2.1 Loi gidi giai tich cua phwong trinh (3)
Phuong trinh (3) c6 dang phuong trinh truyén

nhiét trong d6 hé sé truyén nhiét chinh 13 hé
dan muc nuée E.

Loi giai tong quat cua (3) dugc tim thiy nho
ding phuong phap phan ly bién s6 [2], bang
cach dat:

H(xy = X().1(Y (10)

trong 40 X va TIa hai ham s6 mot bién co
dang:

T(l) — e-ia)t
X(x)=X e"*

(11a)
(11b)

v6i X,vadla hai théng s6 can dugc xac dinh va
i 1a s6 phire voii” = -1.

Liy dao ham bac hai theo x va dao ham bac
nhat theo t ctia (10) thi duoc:
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2
OH _t:XT,

ox’

trong d6X*’(x) 1a dao ,hélm bac hai X (x)va
T°(t) la dao ham bac nhat cua T(t).

=X"T va

Tu (11a) va (11b) ta co:
X'=-6’X and
T'=-ioT

Thay céc biéu thirc ndy vao (3) va sau khi don
gian, nhan dugc:

0’ =iw/C

Tur do:

S=x(I1+iNw/2C =x(+i)r (12)
voi r=Nw/2C (13)

(11b) tr¢ thanh:
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X(X) - X e—i[i(1+i)r]x -X ei[(]—i)r]x
hay:  X(x)=X e "e™™ (14)

Thay (14) va (11a) vao (10):
H(x,t) — e-ia)t .Xoei rx emirx

-i[wt £ rx)

hay: Hxt)=X,e ™ e (15)

Véie™ = cosO -isind , (15) trd thanh:
Hpt) =X0ei’x[ca9(a)t irx) -isin( oot irx)](16)

Tu (16) ta co6 hai 101 giai cua phuong trinh (3),
tuy nhién 101 gidi tuong tng véi truong hop
H(xt) tang véi x (nghia la truong hop g véi

e ™) s& bi loai. Cudi cung, ta nhan duoc 10
giai giai tich cia phuong trinh (3) twong ing
v6i phan 4o trong (16) két hop véi céc diéu
kién bién (i) va (ii) & trén:

H(x,t)=H, +I:]exp[— ’%x}sin[at— ’%x—(p} (17)

2.2.2  Loi gidi s6 ciia phwong trinh (3)

Phuong trinh(3) c6 thé dugc giai ding phuong
phép sai phan hitu han véi so d6 hoan toan 4n
(sai phan tién theo thoi gian va sai phan trung
tam theo khong gian). Biéu thirc sai phan tai
nat i vao thoi diém (n + 1) dwoc viét nhu sau:
'~ H o HY = 2H! + H
Af - Ax2 (18)
Sau khi sap xép lai, nhan dwoc phuong trinh
dai s6 co dang;

AH!'+ BH!" +CH} =D,
(19)

trong do:

A=y, B=1+2, C=—y
D =H voi y=E AAxﬂ (20)
Két hop vdi cac diéu kién H(0,t) do duoc tai
bo song va H(L,t) do dugc ¢ cach xa bo song,
ta s€ c6 mot hé phuong trinh dai so dudi dang

ma tran AX = Bitrong docAla ma 'Erén 3
duong chéo vdi duong chéo chinh chiém uu
theé, @la vec-to cot chira cac gia tri chua bict
Hican x4c dinh & thoi diém mdi (n + 1), Bla
vec-to cdt chira cac gia tri cua Hid§1 biét & thb’j
diém cii n. Hé phwong trinh dai sO nay co6 thé
gidi dé dang nho thudt toan Thomas danh cho
ma tran 3 duong chéo [3].

2.3Loi giai giai tich va toan sd ciia phuong
trinh (8)

Phuong trinh (8) duoc giai v6i hai didu kién
bién sau day:

(i) Tai bién bo song (x = 0), diéu kién bién 1a
muc nude song duoc gia sir thay doi theo dang
hinh sin v6i chu ky T,:

H(0,f) = H,+Hsin(ot —¢)  (9a)
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Tir do: U(0) = H>=[ H,, + Hsin(et~¢)]

=H’ +2H H sin(axt — @)+ H* sin’*(wt— )
— H: +2H, Hsin(cx— )+ [%f_@}

EosAat—¢)
2 Q@
(i) O cach xa bo song trong khdi dat (x —
+00), dong thim khong con bi anh hudng boi

muc nudc song, cdt nuéc tham co gia tri
khong doi:

g2 ot it

A

Utoat) = 12+ 22
Trong thuc té, khoang cach xa vo hantrén Iy
thuyét (x — +oo)thudng duoc thay thé bang
khoang cach hitu han x = L, trong d6 L la
khoang cach du xa dé khong con bi anh huong
bdi muc nude song (theo kinh nghi€ém thi L =
20 m & ddng bang song Ciru Long).

(22)

Déi vai diéu kién ban dau (t = 0) ctia bai toan,

. 72
thuong gia st rangU(x,0) = H., +HT (23)

Ti(xt)=-2H H . e—x& .sin( et —x, /% - Q)

[2]

Ty(xt)= HT e £ .cos(2a)t—x\/% -2¢)

2.3.1Loi gidi gidi tich cua phwong trinh (8)

Dé giai phuong trinh (8) vdi diéu kién ban dau
(23), diéu kién bién (22) va nhi 1a véi diéu kién
bién phirc tap (21), phuong phdp toan tir phirc
(complex operator method) sé duoc dp dung,
Noi dung ctia phuong phap ndy dwoc tom tit
nhu sau [2]: trudc hét bai toan thuc,ky hiéu T,
s& duoc bién doi thanh mot bai toan phtre co
dang (W) = (T) + 1(S) trong d6 (S) 1a phan 4o
vaila sd phire véi i* = -1. Loi giai ciia bai toan
phtrc s€ nhan dugc nhd phuong phap phan ly
bién s6 o dang W(x, t) = X(x).e'", sau d6 T s&
duoc xac dinh nhu 1a phan thyuc cta 101 giai
phuc: T(xt) = Re[W(x,t)].

Do diéu kién bién (21) chira hai ham tuan hoan
sin(wt-¢) va cos[2(mt-¢)] nén 161 gdi thuc T
s€ duoc tim béng cach dat:

[_}2
T:-U+Hi+7 :T1+T2(24)

trong d6 Tva T,s€ duoc xac dinh nho hai lan
ap dung phuong phap phéan ly bién so.

Sau nhiéu tinh toan giai tich phurc tap, tim
duoc:

72

T S H
Tur (24), nhan dugc 1oi giai cudi cungU(x,t) = H, +——T, —T;:

Fr2 [0)

H A X
Uxt)=H +T2H e 2E

2.3.2L0i gidi s6 ciia phirong trinh (8)
Phwong trinh (8) ¢6 thé dugc giai sé nho 4p
dung phuong phap sai phén hiru han véi so

dd 4n nhu di trinh bay ¢ muc 2.2.2. Biéu
thirc sai phan tai nit i vao thoi diém (n + 1)

2
il

2 iy
.sin(wt —x ,%—(o) - T.e 1J;.cos(2a)t—x\/%—2gp)(25)

duoc viét nhu sau:

+Un+l

i+l

lJinJrl —ljin 3 E L]in;l _2ljin+l
At - sz (26)
Sau khi sdp xép lai, nhan duoc biéu thuc dai

sO sau:
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AIU,H_JI] +B[(],'n+] +qUn+l :D.

i+1 i

27)
véi: A=—y, B=1+2y , C=—y,
K& hop vai cac diéu kién bién U(04t) do duoc tai
bd song va U(Lt) do duoc ¢ cach xa bo song, ta
s& c6 mdt hé phuong trinh dai sé duwéi dang ma
tran A = B nhu datrinh bay trong muc 2.2.2.
Sau khi tim dugc cac gia tri cia U, cac gia tri

[ KHOA HOC
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At
sz

(28)

trong ung cua H; s€ duge xac dinh theo (5).

1. SO SANH CAC LOI GIAI GIAI TiCH
VA TOAN SO

Bang 1 trinh bay tom tit 4 10i giai da tim thiy
& trén dé tién so sanh.

Bang 1.Tém tit cac 101 giai da tim duogc

~ w . w
H(x,t)=H +Hexp| —|—x |.sIn| &¥ — |—x—
! (vt) = H, p[\szJ [ \sz ¢J |
(Loi giai giai tich cta (3))

U(x,t)=H,i+7+2HmH.e 2B sin(ot —x %—(p)-—.e £ cosRawt —x %—2{p)

2 2
(Loi giai gidi tich cta (8))
MES RA 20D, Di=H!' .y =ENMN/AX
’ (Loi giai sb cua (3))
, | AT RO VG =D, DU

(Loi gii sb cua (8))

Dé xem xét sy khac biét gitra 4 101 gidi, mot sO
vi du s6 da duoc thuc hién voi cac thong so
sau day:

H, =10mK=2.10" m/s; n=0,35;
T,=24h; ¢=0

H=055m; 1,0mand1,5m

Cac hinh 1, 2 va 3 trinh bay vi€c so sanh cac
két qua.

C6 thé thdy rang sy khac biét gitra 4 101 giai
nho va gia tang khi bién do tridu tang Trong

cac vidu trén, khi H= 1,5 m (gia trj 16n nhét
ciia ntra bién do triéu tai TP. HCM va ¢ dong
bang song Ciru Long), sy khéc biét 1on nhét
cua cot nude H chi vao khoang0,1 m. So véi
chiéu sau nude trung binh H, = 10 m, su
khéc biét nay chi bang khoang 1%, mot con
sO ¢o thé bo qua khi tinh toan dong tham
trong bo song,

4. KET LUAN VA KIEN NGHI
Mot khéo sét chi tiét vé dong thim khong on
dinh trong bd song khi muc nudc song thay
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d6i da duoc thuc hién. Vi du sb cho thay c6
thé bo qua sy khéc biét cia céc 101 giai. Trong
thuc té, c6 thé chon 101 giai giai tich va 101 giai
s6 rng v6i phuong trinh (3) dé sir dung vi sur
don gian cia ching Ngoai ra, do co thé 4p
dung truc tiép s6 liéu do dac muc nuée song
tai bién séng (x = 0) vao md hinh toan sd nén
két qua tinh cot nude thim H trong bd song s&

TAI LIEU THAM KHAO

phu hop hon la dung 101 giai giai tich do bi han
ché diéu kién bién tai x= 0 phai 1a mot ham
tuan hoan thuan tay .

Trong tuong lai, bai toan s€é dugc mé rong cho
truong hgp bo song mai nghiéng voi su phirc
tap hon vé mat toan hoc nhung ciing pht hop
hon trong thuc té.
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